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A Thesis on the Reciprocal Polars of 

Conic Sections. 

+. — 

CHAPTER I. 

Introductory. 

In reciprocation we start with the auxiliary conic which 
may be represented by the general equation of the second degree. 

The reciprocal polar of a system (A) consisting of a series 
of points is a system (B) consisting of the polar lines of the points 
with respect to the auxiliary conic. The reciprocal polar of a 
system (C) consisting of a series of straight Hues is a system (D) 
consisting of a series of points — the poles of the straight lines with 
respect to the auxiliary conic. 

Again a curve may be regarded either as the locus of 
a point or as the envelope of a variable straight line moving 
according to some assigned conditions. In fact, after Pliicker, 
we may regard one and the same curve as described by a point and 
enveloped by a straight line passing through the point which is 
advancing along the line at the same time that the line is rotating 
about the point. The intrinsic equation to the curve furnishes 
us with the relation between the velocity of the point and the 
rate of angular rotation of the line. Also we look upon the 
tangent to a curve as the line passing through two consecutive 
points on it, and a point on the curve as the point of intersection 
of two consecutive tangents to the curve. Hence the reciprocal 
polar curve may be looked upon either as the envelope of the 
polars of the points on the original curve or the locus of the poles 
of the tangents to the given curve. Hence the polar reciprocal 
is the envelope of the corresponding polar line of the point on the 
original curve rotating about a point in it and the point at the 
same time is advancing along the straight line and describing 
the curve. A point in one figure corresponds to a tangent in the 
other and vice versa . Thus the class of the reciprocal curve 
must be the same as the degree of the original curve, and vice 
versa as the reciprocal polar of a series of points lying on a right 
line is a series of right lines passing through a point and vice 
versa . 
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2. Let ax 2 + 2 hxy 4 Ay 2 4 2j:/.r -i- 2 fy + c = 0 be the auxiliary 
conic. 

The reciprocal polar of a point (x\ y') is the polar line 

(ax' + hy' +g) x 4 (Ax*' 4 + f) y ¥ (gx' ¥ fy' 4 c) = 0. 

Also the reciprocal polar of a right line \x + y,y + v — 0 is 
the point (x\ y ') where 

a#' 4 hy' 4 <j _ hx' 4 4 /__ gx' + jy' ±c 

A /< v 


Whence 


.r' = 
And y' — 


4- ///<- 4- 6rr 
6r A 4- AVi 4- G v 
H A 4- i- JV 

Q\+F f ,+Cv 


Tlie recijjrocal polar of another conic a'x 1 4 - 2/i'xy 4 4 

2 r/a; 4- 2f'y 4 - c' = 0 is the locus of a point (x' , ?/') whose polar 
with respect to the auxiliary conic is a tangent to the second 
conic. Hence the reciprocal polar is represented by the equation 
A'(ax 4- hy 4- g ) 1 4 B'(hx 4- by 4 f) 1 4 4- fy 4 - c ) 1 ¥ 2F'(hx 4- % 

+ f)(gx+fy 4 c) 4 2G'(gx 4 fy 4 r) (r/,;r 4- hy 4 g) 4- 211' (ax 4 hy 4- , 7 ) 
(hx + by + /)=0 

or {4 V 4 £'A 2 4 - O'r/ 2 4 - 2F'gh 4 - 2G'ag 4 - 2H'ah } ^ 2 4 2 U'aA 4 
B'bh 4 G'gf 4 A v (6g 4 A/) 4 G'(af 4 (/A) 4 4 A 2 ) } xy 4 { A'li 1 4 

B'b 2 4 C'f 2 4 2F6/ 4 2f/A/ 4 2H'bh\if 4 2 {/Tor/ 4 5'A/ 4 G'cg 4 F' 
(ch 4 fg) 4 G'(ac 4 g l ) 4 H'(af 4 gh)\ x ¥ 2 { A'gh f B'bf 4 C'cf 4 
F'(bc 4 f l ) 4 G'(gf 4 ch) 4 H'(bg 4 A/)} y 4 \A'g l + B' f + C'c l + 
2F'cf 4 2G'cg 4 2H'fg\ — l 

The reciprocal conic will be an ellipse, a parabola or an 
hyperbola according as 

rA'aA 4 B'bh 4 C'gf 4 F'(bg 4- A/) 4 G'(af 4 gh) +H'(ab 4 A 2 )}’ 2 - 
j A 'a* 2 4 B'A* 4 C'g 2 4 2 F'gh 4 26 /V/f 7 4 2H'ah\ {A'P 4 4 C'f 4 

2F'6/ 4 2G'hf 4 2H'bh } is negative, zero, or positive, i.e.. accord- 
ing as (F' l -B'C') G % 4 (G'' l — C' A') F l + (H' l -A'B') C*-2(G'U' 
-A'F')CF-2(H'F-B'G')CG-2(F'G'-C'ff') FG is negative, 
zero or positive, i.e ., according as— a' (a,'G l 4 b'F' 1 4 c'C 1 4 
2 g'CG 4 2 j'CF 4 2h'FG) is negative, zero or positive. 

Now it is easy to see that the lines through the origin parallel 
to the tangents which can be drawn from the centre of the auxili- 
ary conic to the second conic are represented by the equation 
x\C'F l - 2F' FC 4 B'G 1 ) - 2xy ( C'FG - F'GC-G'CF 4 ll'C 1 ) 4 y l 
(C'G % --2G'GC 4 A'C 1 ) =0. 

These lines are imaginary, coincident or real and distinct 
according as 
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(C'FG _ F'GC - G'FC -f H'C 1 ) 1 - {C'F 1 - 2F'FC + HC 2 ) (C'G 2 - 
2G'GC -f AT7 2 ) is negative, zero or positive, e.e., according as 
- 0» A ' (a'G 2 + b'F l + PC' 1 + 2/Y'F + 2g f CG 4- 2h f FG) is negative, 
zero or positive. 

Hence the reciprocal come is an ellipse, a parabola, or an 
hyperbola according as the tangents drawn from the centre of the 
reciprocating conic to the second conic are imaginary, coincident 
or real and distinct. When the auxiliary conic is a parabola the 
centre is at infinity in the direction of the axis of the parabola, 
and in that case the reciprocal polar is an ellipse, a parabola or 
an hyperbola according as none, only one or two tangents can 
be drawn to the original conic parallel to the axis of the auxiliary 
parabola. 

3. We can, at our option, imagine the auxiliary conic to be 
(1) a circle, (2) a parabola, (3) an ellipse, or (4) an hyperbola. 

The reciprocal polar of a system will be called its circular, 
parabolic, elliptic or hyperbolic polar according as the auxiliary 
conic is a circle, a parabola, an ellipse or an hyperbola. 

In this thesis it is intended to discuss these polars in the 
following order : — 

(1) Circular Polars. (2) Parabolic, Polars. 

(3) Elliptic Polars. (4) Hyperbolic Polars. 


CHAPTER Li. 

Circular Poi ars. 

1. Let x L h y ' — r L be the equation to the auxiliary conic 
the axes being rectangular. 

The circular polar of a point P(x\ ?/) is the line xx' 4- yy f 
— f l which is perpendicular to OP and is at a distance from 
r l 

the origin equal to jjp- 

The circular polar of a line Xx r py — 1 is the point (Ar a , 
fir 1 ) such that the line joining the point with the origin is per- 
pendicular to the given line, and the rectangle contained by the 
distance of the point from the origin, and the perpendicular 
drawn from the origin on the line is equal to the square of the 
radius of the auxiliary circle. It is evident that the circular 
polar is the inverse of the pedal curve, the auxiliary circle being 
the circle of inversion. 

2. To determine the circular polar of the general conic 

ax 1 4 - 2ft xy + by l 4- 2gx 4- 2fy 4- c = 0. 
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Let x* 4 y*^r* be the auxiliary circle. 

The circular polar is the locus of a point (x\ y') whose polar 
xx' + yy' — r 1 — 0 with respect to the auxiliary circle is a tangent 
to the conic. Now \x 4 fxy 4 v — 0 touches the conic ax 1 + 
2 kxy 4 by 2 + 2gx -f 2 fy 4 c = 0 if A\* + 2H\}>. 4 Bf.fi 4 2Gv\ 4 2J?V/u. 
4 (7^=0. Hence the equation to the circular polar is Ax* 4 
2 Hxy 4 By 1 - 2Gr*x — 2 Frfy + Gr 4 - 0. 

3. To determine the foci of the general conic cmb* 4 2hxy 4 
4 2^ 4 2 fy + c = 0. 

The pedal of a central conic with respect to a focus is the 
auxiliary circle of the conic. Hence the reciprocal polar of a 
central conic, when a focus is the origin of reciprocation, is the 
inverse of a circle and is therefore a circle. Again the pedal of a 
parabola with respect to its focus is the tangent at the vertex ; 
therefore the reciprocal polar of a parabola when the focus is 
the origin of reciprocation is a circle which is the inverse of the 
tangent at the vertex. Let (x' f y') be a focus of the general conic 

ax 1 -f 2 hxy + by* + 2 gx + 2 fy + c = 0. 

Transferring the origin to (x', y') the equation to the conic 
becomes ax* 4 2 hxy + by 2 4 2g'x + 2f'y 4 c' =0 

where (f — ax' 4 hy' 4 g, 

f — hx' 4 by' 4 /, 

c' — ax'* 4 2 hx'y' 4 by' 1 4 2 gx' 4 2 fy' 4 c. 

The circular polar of this conic with respect to x* + y* — r* 
(referred to the new origin) is 

A'x* + 2 H'xy 4 B'y* - 2 G'r*x - 2 F'r*y + C'r 4 =0. 


In order that this circular polar may 
have 


A' = B' and = 0 


be a circle we must 


i.e., 

t.e., 

i.e.. 


be ' — f' 2 — ac' — g'* and f'g' — c'h — 0 

Cdl =*?=«' 

a-b h 

(ax' 4 hy' 4 g ) z — (hx' 4 by' 4 / )* __ (ax' 4 hy' 4 g)(hx' 4 by' 4 f) 
a — b h 

—ax'* 4 2hx'y' 4 by' 1 4 2gx' ± 2fy' 4 c. 


Hence the co-ordinates x\ y' of a focus are determined by 
the equations 

(ax + hy + qf — (hx 4 by 4 / )* _ (ax + hy + g) (hx + by + f) 
a — b h 

— ax* 4 2 hxy 4 by 4 2gx 4 2 fy 4 c. 
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Thus we get the equations determining the foci on the 
assumption that the circular polar of the general conic is a circle 
when the origin of reciprocation is a focus. 

4. It is easy to see that the general conic has four foci, 
two of which are real and two imaginary. The foci are given 
by the equations 

(ax + hy + gY — (hx -i -by + /)* __ (ax + hy + g)(hx + by + /) n x 

1 " T 1 ’ 

and (ax + hy + g)(hx + by + /) — h(ax l + 2 hxy f by 1 + 2 gx + 2fy + c)( 2) 
The second equation reduces to 

Gxy — Fx — Gy + H — 0 

which represents an equilateral hyperbola concentric with the 
general conic. The first equation represents a pair of straight 
fines through the centre of the general conic and at right angles 
to each other. These two fines are given by the equation 

ax + hy + g _ 
hx 4- hy + / 

1 a — b 

A__= 

hX l — (a ~b)\ — h — 0. 

(a — b)± K /\(a~ bf + } 

2 h * 

Let these values of A be represented by A, and A . The two 
fines represented by (1) are therefore 

(a — Xfyx + (h — A,6)y + (g — A,/) = 0 
and (a — A Ji)x 4- (h ~ A b)y f (,? — A.,/) =0. 

Now (a — A,A)(a — A 7^) + (7^ — A,6)(A — A & h) 

= (a 2, 4- — 7t(a -i- b)( A, 4- A ) + A,A 2 (^ 2 -f 7> a ) 

= (a* + A 2 ) - A(a + b). n ~ } ~ - (A* + 6 2 ) 

[ A, + A, = ®~ & and A,A,= -1 ] 
h 

= (a 2 4- #>) - (a* - &*) - (h l + &*) = 0. 

Hence the two fines represented by (1) are at right angles to 
each other. 


where 

or 
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Now of these two rectangular lines drawn through the 
centre of the equilateral hyperbola represented by (2) one 
intersects the hyperbola in two real points and the other in two 
imaginary points. Therefore the general conic has two real 
and two imaginary foci. 

The axes of the general conic are the lines through the 
centre on which the foci are situated and are therefore deter- 
mined by the equation 

(ax + hy 4 - gY — ( hx + by + /)* __ (az + hy + g)(hx + by + f) 
a — b h 


When the general conic is a parabola h; l — ab or (7 = 0 and then 
the hyperbola, represented by (2) reduces to the right line 

Fx + Gy = Ii ; 

also x («-&)* + 

2 h . 


(a — b) + (a + b) _ a b 

2 h ~ 7i 


The two lines represented by ( l) are in this case 


ax + hy 4 - g 
hx + by 4 - / 


= ! or (qh — af) — 0- 


the linp infinity and 

ax 4 - hy + g b 

hx 4 - by + / h 


or (a 4- b )hx + (h l 4 - b ci )y 4 - (gh 4 - bf) = 0 

7 + bf A 

or hx + by + — — = 0 . 

a 4 0 


Hence in the parabola there is only one real focus at a 
finite distance which is the point of intersection of 

Fx + Gy=H 

, 7 i ( /h + bf 

and hx + bu + - - — = 0 

<7 4-0 

and the other three foci two of which are imaginary are on the 
line infinity. 

5. The circular polar reduces to a pair of straight lines 
when the discriminant of the equation 

Ax % 4- 2 Hxy 4- By % - 2Gr % x - 2 Fr % y 4- 04 = 0 vanishes. 
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Now this discriminant 

= r* (ABC + 2FGH - AF l - - C77*) 

= r* (abc + 2fgh — af l — fy/ 2 — ch 2 ) 2 . 

The discriminant vanishes when r-o , &>., when the auxiliary 
circle is a point circle. In this case the circular polar reduces 
to the pair of lines represented by the equation 

Ax 1 + 2/7 xy + By 1 = 0. 

These lines are perpendicular to the tangents 
Bx l - 2Hxy + A y 1 — 0 

which can be drawn from the origin (which is also the centre of 
reciprocation) to the conic. 

The discriminant also vanishes when abc v'lfgh — af ~-bg* 

— ch 1 — 0, i.e . , when the original conic breaks up into two straight 
lines. 

In this case BO — F l ~C A-G L ^ AB - II 1 - OH - AF = HF 

— BG — FG — CH — 0 and the circular polar reduces to the pair 
of coincident lines represented by 

(x s /A+y s = 0. 

If(#', //) be the pole of this line with respect to the 
auxiliary circle 

, /A G . , / B F 

x n=c and //== J c=c’ 

i.e., the pole (x ' , y') is the point of intersection of the straight 
lines represented by the given equation. 

The polar of the point of intersection is the line joining the 
poles of the two intersecting lines and the polar of any point 
lying on this polar line passes through the point of intersection 
and may therefore be regarded as a tangent to the original 
conic reduced to a pair of straight lines. 

6. The circular polar is an ellipse, a parabola or an hyper- 
bola according as the lines represented by the equation Ax 1 + 
2Hxy + By 2 = Q are imaginary, coincident or real and distinct. 
But the tangents from the origin to the given conic are re- 
presented by the equation Bx l — 2 TIxy + Ay 1 — 0 and are therefore 
lines at right angles to the pair of lines represented by Ax % + 
2 Hxy + By l — Q. Therefore the reciprocal polar is an ellipse, a 
parabola or an hyperbola according as no tangent, only one or 
two real and distinct tangents can be drawn from the origin to 
the given conic. 
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7. The origin will be the centre of the reciprocal polar if 
(?=s0 and ^=0. Hence if the origin be the oentre of the given 
conic the reciprocal polar will be concentric with the given 
conic. 

8 The centre of the circular polar is the point of intersec- 
tion of the lines 

Ax + Hy — Gr 2 — 0 
and Hx + By — Fr 1 = 0. 

If (x, y) be the co-ordinates of the centre 


and 


(HF-BG) r 2 gr 2 

AB — H 2 ~~ c 

( HG-AF )r 2 fr 2 

AB-H 2 ~~~~ c‘ 


The polar of this centre with respect to the auxiliary circle 
is the line gx + fy + c — 0 which is also the polar of the origin 
with respect to the given conic. 

Transferring the origin to this centre the equation to the 
circular polar becomes 

Ax 1 + 2 Hxy + By 1 + J (Ag L + 2 Hgf + Bf l + 2Ggc + 2 Ffc + Cc*) =0 

or Ax 1 + 2 Hxy -f By 1 4 - - \g(Ag + Hf + Gc) 

c L ‘ 

4- f(Hg + Bf + Fc) 4- c(Gg + Ff + Cc ) } = 0 

or Ax 2 4- 2 Hxy 4* By 2 4- - — - = 0. 

c 

Let the equation to this circular polar referred to its 

axis be A'x 2 4- B'y 2 + -- A =0. 

c 


Then A' + B' = A+B \ 

and A'B' = AB-H 2 . ) 


The area of this reciprocal conic 


V cM'H' 


7T r* \ 

c k /JB^H 2 


■ nr 4 a 

r =7T r 

•K i 

Ca . A 2 


* 



Also the area of the original conic = n 


A 
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Hence the area of the circular polar 




x area of the original conic. 


9. To determine the locus of the centre of reciprocation 
such that the circular polars of a given conic with respect to an 
auxiliary circle of constant radius may be of constant area. 

Transferring the origin to (%', y') — a point on the locus — 
the equation to the given conic becomes 

ax 1 -i- 2hxy + by 2 + 2 g'x 4 - 2 f'y + c' = 0 
and the equation to the auxiliary circle becomes 

x l + y' l ~r 2 . 

The area of the circular polar = rrr* 



As r is constant, this area will be constant if 


— = — , where k is a constant. 

c 8 Jc 


Now c! - ax f% 4 - 2 hx'y' 4- by' 1 + 2 gx' + 2 fy' 4- c 
and a , h , g' 

k ,b , r 
w ,r,c' 

a , h , ax' +hy' +g 
= h , b , hx' + by' +f 

ax' + hy' +g , hx' 4- by' 4- / , x'(ax' 4- hy ' 4- g) 

+ y'(hx' + by' + f) 

+ \gx' + fy ' + o) 


a , h , ax' +hy' + g 


a , h , g 

h , b , hx' +by' + f 
9 , i , gx' + fy' + c 


h ,b , f 

9 , f , c 


Hence the equation to the locus of the centre of reciproca- 
tion is 

ax 1 4 - 2 hxy 4 - by 1 4 - 2 gx 4 - 2 fy + c— V k & 


which represents a conic similar, concentric and coaxial with 
the given conic. 

10. The circular polar of the circle 


a(x % 4 - y *) 4 - 2gx 4 - 2fy 4 - c = 0 is the conic 
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represented by the equation 

{ca - f l )x l + 2 fgxy + (ca- g l )y L + 2agr 1 x + 2 afr l y + a¥ = 0 
or (ca — f l — g 1 )(x 1 + y l \ + (gx + fy + ar l )' l =z 0 

or x l + u 1 = {gX t fl * ar *) Z 

9 f l + g l -ra ‘ 

The co-ordinates of the centre of the circle are 


( _i,_ U 

a a 

and its polar is the line gx + fy + ar l = 0 
also tor a real circle (f l +g l — ca) is positive. 

If P (x, y) be any point on the circular polar OP^ — x* + y % 9 
also if PM be the perpendicular from P on the polar line of the 
centre gx -^fy^ar 1 - 0 , 

p M=z 9 x + f!/ + w l 


vV + / 2 


Hence from the equation to the circular polar we have 


^ / f l +v l 

V f l 4 - q l — ca 


-p. PM where 


/ /V 

V fl+gl — ca 


The reciprocal polar conic has therefore the origin for one 
focus and the polar line of the centre of the given circle is the 
corresponding directrix. The co-ordinates of the centre of the 
circular polar are 

^ — a nd therefore \ \ s is the other 


focus. Again the eccentricity of the circular polar 


/ J- 

= v + < 


f l + <r 

f L + g L — ca 


Assuming '‘a” to be positive the eccentricity is greater 
than, equal to or less than unity according as “ c ” is positive, 
zero or negative. But ‘ 4 c ” is positive, zero or negative accord- 
ing as the origin is outside, on or inside the circle. Hence the 
circular polar is a hyperbola, a parabola or an ellipse according 
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as the centre is outside, on or within the given circle. This 
is also evident from the equation 



distance of the centre of the given circle from the origin 
radius of the given circle . 

The eccentricity of the circular polar is independent of the 
radius of the auxiliary circle which therefore affects the size 
but not the shape of the circular polar. 

11. To determine the eccentricity of the general conic 

ax 1 -i- 2 hxy 4- by 1 + 2 gx 4- 2 fy + c = 0. 

Let (x\ y') be a focus; transferring the origin to this focus 
the equation to the conic becomes 

ax 1 -f 2 hxy + by 1 4- 2g'x 4- 2f'y + c' = 0 

where g = ax' 4- h\f 4- g, 

f' — hx' +by' + f 

and c' = ax' 1 4- 2 hx'y' 4- by' 1 4 - 2 gx' + 2 fy' 4 - c. 

The equation to the circular polar with respect to the 
auxiliary circle x l 4 - y l = f l (referred to the new origin) is the circle 

A'x 1 4- 2 H'xy 4 - B'y 1 - 2 G'r l x - 2 F'rhj 4 h C'r* = 0 

where H' — 0 and A'~B', i.e., 

g»-r l = cf(a-b) (1) 

g’r=c’h (2) 

If “e” be the eccentricity of the original conic we have 
by the previous article 

;Z _ G' 1 4 - F‘ l 

6 ~ G" 1 + F" 1 - (7 A' 

(hf -bg’) 1 + {h(i’ - aff 
(hf' — bg') L 4 - (kg' — cif')' 1 — ( ab — h' z )(bc' — f l ) 

Let g' = A /' , then 
from (1) (\*-l)P = c'(a~-b) 

and from (2) A f' 1 = c'h 


( 3 ) 
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and 

From 

From 

and 


(3) 


(4) 


1 (ab-h*)(bc'-P) 

~ ~ {hf - Wf + (V - of? 

(«6-A 4 )(- A A -- i )r 

= p{(h^b\y ^ (hx^f j 

(oft — h % )(bX — h) 

A{ (A — &A) 2 -i- (AA — a) 2 } 

/^A 2 — h — aX — bX 

h~bX — \(hX — a) j 
hX <l = h + a\ — bX. s 


j 1 (ab — h^bX — h) 
e 2 ~ A(1 + A 2 )(AA — a) 2 

— (a& — ^ 2 )A (AA— a) 

= “T(l -f A 2 )(AA ~a) 2 ‘ 

— (a6 — 7^ 2 )A 

-f hX % )(hX—a) 

— ( ab — h % )X 

= {2A -f (a — 6)Aj(AA — a) 

— (at — A 2 )A 

” (a — &)M 2 + A(2A 2 + a6 - a 2 ) - 2aA 
— (a£> — & 2 )A 

"" (a — 6)(A + aA — feA) + A(2^ 2 4- ab — a 2 ) — 2a^ 

— (ab — & 2 )A 

~ — h(a + b ) + X(2h* — ai + 6 2 ) 

or - (a6 - A 2 )e 2 A = (e 2 - 1 ){-h(a + b) + A(2 A 2 - a6 + ft 2 )} 

or A{ — (ab — h % )& - (e 2 - 1)(2A 2 - aJ + ft 2 )} = h(a + 6)(1 - e % ) 

4(a + 6)(e 2 - 1) 

A ~~ (ab — h % )e % + (e 2 — 1)(2A 2 — ab + b % ) 

A(a + 6)(e 2 -l) 

-( a &_A 2 ) + (e 2 -l)(A 2 + 6 2 ) 
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.\ from (4) 

h(a 4 A)(e 2 — 1) (aA — A 2 ) 4 (e 2 — 1 )(A 2 + A 2 ) a — b 

(aA-A 2 ) 4 (e 2 - 1)(A 2 4 A 2 ) h(a 4 A)(e 2 — 1) ~ A 

or A 2 (a + A) 2 (e 2 - 1)* - {(aA - A 2 ) 4 (e 2 - 1)(A 2 4 A 2 )} 2 

= (a 2 - A 2 )(e 2 - 1){ (db - A 2 ) + (e 2 - 1)(A 2 + A 2 )} 
or (e 2 - 1) 2 { A 2 (a 4- A) 2 - (A 2 4- A 2 ) 2 - (a 2 - A 2 )(A 2 4- A 2 )} 

- (e 2 - 1 ) { 2(aA - A 2 )(A 2 + A 2 ) 4 (a 2 - A 2 ) (aA — A 2 )} — (a6 — A 2 ) 2 = 0 
or (e 2 - l) 2 {A 2 (a 4 A) 2 - (A 2 4 - a 2 )(A 2 + A 2 )} 

- (e 2 - l)(aA - A 2 )(2A 2 4 A 2 4- a 2 ) - (aA - A 2 ) 2 = 0 

or {e 4 - 2(e 2 - 1) - 1 } { 2aAA 2 -A 4 - a 2 A 2 } 

- (e 2 - l)(aA - A 2 )(2A 2 -f A 2 4 a 2 ) - (aA - A 2 ) 2 = 0 

or f e 4 - 2(e 2 - 1) - 1} (aA - A 2 ) 4* (e 2 - 1)(2A 2 + A 2 4 a 2 ) 4 (aA -A 2 )=0 
or e 4 (aA-A 2 ) + (e 2 ~l){4A 2 4-(a-A) 2 }=0 


or 


, 4j _ (a — A) 2 4 4A 2 


e*4 


aA — A 2 


(e 2 — 1) =0 


which gives the eccentricity of the genera] conic. 

If ej 2 and e 2 2 be the roots of this equation regarded as a 
quadratic in e 2 we have 


e, -f e«/ = e. 


a __ (a — A) 2 4* 4A 2 

* F-aA 



In the ellipse (A 2 - aA) is negative and therefore e t 2 e a 2 is 
negative; hence one of the two quantities e, and e 2 is real and 
the other imaginary. 

In the hyperbola (A 2 — aA) is positive and therefore e x % e 2 2 is 
positive; hence e, and e t are both real in the hyperbola. 

12. The equation to the circular polar of ax 1 + 2hxy + by* 
4- 2gx 4- 2fy 4 c = 0 with respect to a circle whose centre is 
(*', S0,is 

A'z* 4- 2H'xy + B'y’ 1 - 2 G'r*x - 2 F'r*y 4 C"r 4 = 0 
referred to parallel axes, through (x',y'). 
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If c be the eccentricity of this circular polar we have, 


€*4 


U'-jBV + 4ZT 2 


■ i)=o. 


Hence the eccentricity will remain unaltered if 

(A'-B'f + kH' 1 (A'+B'f , 

A' W-H ' 1 ~~ or a W-W * be con9tant 


Now A' 4 B' — c\a 4 b) - (g n 4 f' % ) 
and A'B' - H' % = (c'b - f' l )(c'a - < 7 '*) - (f'g' - c'A)* 
= c'(abc' -f 2 f'g'h - af n - bg '* — c'A*) 
= c'A. 


Therefore the locus of the centres of reciprocation with 
respect to which the circular polars of a given conic have 
the same eccentricity is 

AA (ax 1 4 2 hxy 4 by 2 4 2 gx 4 2 fy + c) 

= { (a 4 A) (aar 2 4 2 hxy 4 fy?/ 2 4 2gx 4 2 fy +c) - (a# + hy + g )* 

— (Air 4 by 4- /) z } ? [where A is a constant] 

= { (a& — A 2 )(o; a + ?/) — 2(A/ - bg)x — 2(hg — af)y 4 (ca — </*) 4 

(cb-f^Y 

= {<7(a- 2 4- */*) - 20a? - 2ify 4 .4 4- £ }*• 

„The locus is in general a quartic curve. When the original 
conic is a circle a = & and h—o and then the equation 
AA(a:r* 4 2hxy 4 by 1 4- 2 gx 4 2fy 4 c) 

= {C(x cl + y‘ l )~2Gx -2 Fy + A+B} 1 
becomes 


A a (ax 1 4- ay 2 4- 2gx 4- 2 fy 4- c) 


/ 4- f \ 

= a*( ax 2 -4 a?/* 4- 2 ^.t 4- 2fy 4- 2c - — — y 

- a -2 ^ (ax 1 4- ay 1 4 2gx 4 2 fy 4 c) 


g 1 4 j % - ca 


which represents a pair of circles concentric with the given 
circle. This is also evident from the fact that the eccentricity 
of the circular polar of a circle 

distance of the origin from the centre 
radius of the circle. 
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When the given conic is a parabola £7=0 and the equation 
to the locus becomes 

A a {cm? + 2hxy + by % + 2gx + 2 fy + c) = (2Ga? + 2Fy-A - 2?)* 

which represents a conic section. 

The eccentricity being given by the equation 

€ * + (A-4)(€*-l) = 0 


if we put X =0, the equation becomes 
€*-4 €* + 4=0 
or c= v/ 2. 


The locus is then represented by the equation 
C{x* + y*)-2Gx-2Fy + 4+B = 0 
which is the director circle of the given conic and the corres- 
ponding reciprocal pola* is an equilateral hyperbola as is 
otherwise evident from the fact that the tangents drawn from 
any point on the director circle to the given conic are rec- 
tangular. 

x 1 y 1 

13. In the ellipse ^ = 1 the foci are given by the 
equations . 

x 1 y % xy 

a* b h a*6* x 1 y % 

rji = V = a* + P -1 

a* 6* 


or 


(i) 

b*x % —a*y % x 1 y 1 


( 2 ). 


Thus we get the foci 


y=o 

x= ±\/a * — = ±ae 


y=±\/b i 


-a*= ±aei | 


the second pair of foci being imaginary. 

The circular polar of the ellipse -z + p = 1 with respect to 
the circle 

(*— oe) l + y l =r* 

is another oircle. 
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For if (%', y') be a point on the circular polar 

(x-ae){x'-ae) + yy'=r* 

is a tangent to tbe ellipse. 

Hence we must have 

a 4 (*' -aef + Wy 1 * = [r 1 + ae(x'-ae)} i - 
Therefore the polar reciprocal is the circle 






r*a % 

~¥' 



If we take r=&, the circular polar of the ellipse will be the 
cirole 

y % + (#-2ae)*=a*. 


The circular polar of the same ellipse 


x 1 y % 
a 4 + 6* 


= 1 with respect 


to the imaginary circle x 1 + {y-aeif-r 1 whose centre is an 
imaginary focus is another imaginary circle. For if (x' y f ) be a 
point on the circular polar 
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xx' + (y — aei){y' — aei) = r % is a tangent to the ellipse. There- 
fore the circular polar is 

a¥ + b\y — aei)* = {r* + aei(y - aei) } 2 




The circular polar of — + fr = 1 with respect to (x-aef + 

a 1 b* 


y l = 6* is the circle 


(cc-~2ae)* + i/*=a*. 


The circular polar of the focus 8 (ae, o) is the line infinity ; 
that of the centre G is the line RR 1 given by the equation 


a* -26* 


; and that of the other focus H ( — ae, o) is the line 


TT' given by the equation 

2a* -3 6* /TV 

*= — n • ( Pl 8- !)• 

2ae 

Hence if 0 be the centre of the circular polar and R and T the 
points where RR' and TT' respectively intersect the major 
axis we have 


OT = 2ae 


2a*- 36* 2a*-6* _ 8L * 

2ae 2 ae 2 08 


where OL is the radius drawn perpendicular to the major axis. 

The pole of the directrix x - — is the centre 0 of the cir- 

e 

cular polar and that of the other directrix x— — °L is the point 

e 

D (x' y o) where 


Thus 0D=2aefl- — i— ) = = ^ • T — 

V 1 + eV 1 + e* a % + a % e 


= 2 ae . ^ - 208 sin* QSL. 
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xr v 

14. In the hyperbola - -^=1 the fooi are given by the 
a 


b % 


equations 


and 


xy = 0 (1) 

yl_\ m 


a*6*(a* + 6*) o® 6® 
The fooi are therefore 


y = 0 i x =0 >i 

*= ±-\/®* + 6* l and y=i»v/a® + 5 4 ^ 

= -£ae ' = + aei ) 

the second pair of foci being imaginary. 

The circular polar of ^ — ^ = 1 with respect to (a? — ae) % + 


y % ~r % is a circle. 

For if ( x’ , y') be a point on the circular polar (a — ae) 
(a' — ae) + yy' — r' L is a tangent to the hyperbola and therefore 

a 1 (x'-aey-bY^ir^ + ae (x'-ae)}\ 

Hence the circular polar is 




r*a % 

W 


If we take r = & the circular polar becomes a? a + j^=a* 
which is the auxiliary circle of the hyperbola. 

The circular polar of the same hyperbola with respect to 
x* + (y—aei) l ~r cl whose centre is an imaginary focus is the 
imaginary circle 




r*b * 


Thus when we take (x — ae^ + fl/^J* for the circle of 
reciprocation the polar line of the focus S (ae, o) is the line 
infinity; that of the centre G is the directrix (X) corresponding 
to the focus S ; and the polar line of the other focus H ( - ae, o) 
is the line TT‘ intersecting the transverse axis at right angles 
at T where (see Fig. 2) 

. 2 ST. SC=b t or ST= -- . 

2 ae 
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Fig. 2. 
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Thus GT= ae — 


6 * 

2«e 


2a* + 6* 
2oe * 


Also the circular polar of the other directrix (X') is a point 
D on the transverse axis where 

6* 6*e b l e 


8D=- 


a 

ae + - 

e 


ae- 


* + a a(l + e») 



15. In the parabola y^—iax the focus at a finite distance is 
(a, o ) and the circular polar with respect to (x — fl)® + j/ 1 —^ 1® a 
circle. 

For if (x', y') be a point on the circular polar 
(x-a)(x'-a)+yy'=r l 

is a tangent to the parabola. 

Therefore (*' - a) {r* + a(x' - a ) } + ay' % - 0. 
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Thus the equation to the circular polar is 
a(«-o)* + ay* + f® (x-a)=0 

or (a;-a) 2 + — (x~a) + y <i =Q 
a 


or 




If we take r =a, the circular polar of y l = 4ax is 



the reciprocating circle being (x-af + y 1 - a 1 . 


P 



Pig. 4. 

16. To draw two tangents to a conic from an external 
point. 

(1) When the given conic is an ellipse. 

Produce OS to 0, making SO = OS. 
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Fig. 5. 
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Fig. 6. 
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About S and 0 as centres describe circles with radii equal 
to the semi-minor and semi-major axes of the conic respectively. 
Then by the previous articles, the latter circle is the circular 
polar of the conic with respect to the former circle. The same 
is evident from Geometry. From P draw (if possible) tangents 
PQ and PQ' and let QQ' the polar of P with respect to the 
auxiliary circle intersect the circular polar at R and R\ Join 
SR and SR' and draw PT and PT' perpendiculars to SR and 
SR' respectively. Then PT and PT' will be tangents to the 
conic. 

As the point R is on the polar of P, P must be on the 
polar of R which is perpendicular to SR . PT is therefore the 
polar of R and consequently a tangent to the conic. Similarly, 
it may be proved that PT ' is a tangent. 

(2) When the conic is a hyperbola. 

With O and S as centres, describe circles having radii 
equal to the semi- transverse and conjugate axes of the 
hyperbola. Then in this case (as w§ll as in the former case), 
it is easy to see by Geometry that the former circle is the 
circular polar of the conic with respect to the latter circle, for 
the circular polar is the inverse of the pedal which is the auxili- 
ary circle of the conic. In the hyperbola, the circular polar 
which is the inverse of the pedal is coincident with the pedal. 

With the same construction as before, it can be easily 
proved that PT and PT' are tangents to the conic. 

(3) When the conic is a parabola. 

- , In the parabola, the pedal with respect to the focus is the 
tangent at the vertex. 

If the auxiliary circle be taken to be one of which the 
centre is S and radius SA , the circular polar will be the circle 
on /SA as diameter. 

With the same construction, it may be easily proved that 
PT and PT' are tangents to the parabola. 

When the point is one on the curve, the line QQ ' will be a 
tangent and the line corresponding to the point of contact 
will be the tangent at the point. When the point is inside the 
given conic, the polar line will not intersect the circular polar 
in real points and the corresponding tangents will be imaginary. 

17. We have seen that the circular polars of the ellipse 


X 1 

a* 


+ 



with respect to the auxiliary circles 


and 


(x—ae) % + y % = r 2 
x 1 + (y —aei^ — r 1 
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are respectively 

l / Y^“ \ } ^ Y^CL^ 

y*+ j *-06(1+-,) J =-ji~ (1) 

! / ^ 
y-aeil 1 + - ft lj =-^- (2). 

In (1), if we make r*= — &*, the circular polar is a?* + ^==a 3 . In 
this case the radius of the circle of reference is imaginary but 
the polar is a real circle, the polar lines being drawn on the 
side of the origin remote from the points. 

In (2), if we make r*= — a 2 , the circular polar becomes 
x 1 + y CL ~b cl a real circle. Here the centre as well as the radius 
of reciprocation are imaginary but the polar thence formed 
is real. 

The circular polar of ^ = 1, with respect to 

d 0 


# 2 + (y-aeif^r* 1 , is 

** + | y-aei^ 1 | 


~a*' 


If we take r % = —a 1 , the circular polar will become x % + y % 
— — 6 a , an imaginary circle. 

18. To determine the circular polars of a series of con- 
focal conics. 

qSL 

Let— + — =1 be a conic of the system. The 

a 1 + A 6* + A J 


common foci are given by 

y=o 1 

x= ±\ / a‘ t -b' 1 
— ±c say j 

Let (x~c) % + y % ~k <l be the reciprocating circle. 

If x' y be a point on the circular polar, (x — c) (x f — c) + yy' = k l 
will be a tangent to the conic. 

The condition of tangency gives us, 

{&* + c(x' -c)} 2 = (a 2 + \){x' - c) z + (6* + \)i/\ 


Therefore the circular polar is, 

k 4 + 2 ck 2 (x - c) = (6 a + A) {{x — c)* + y % ] 


„ . 2cP / \ A 
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The circular polars are therefore a system of co-axial 
circles having 

k* 


x = c — 


2c 9 


for the radical axis which, it is easy to see, corresponds to the 
other focus. 

19. The circular polar of x 1 + y a = e*( a — #)*, a conic having 
the origin for one focus and x = a, for the corresponding direc- 
trix, with respect to # a -f y l ~r % , is a circle. 

Forlet x f y‘ be a point on the circular polar; then##' 4- yy' — r* 
is a tangent to the conic. 

From the condition of tangency, we have, 

(a y — r 1 x'Y = (x n + y ,% — e 1 y n ) ( r * — e* a 1 y ' % ) . 

The reciprocal polar is therefore 




Therefore, the circular polars of a system of circles having 
the same centre is a system of conics having the same focus 
and directrix. 

It is easy to see, that (2eoc) is the parameter of the 
original conic. Hence, the circular polars of all equal circles 
with respect to the same circle have the same parameter. 

20. To determine the centre of reciprocation in order 
that the polar triangle of a given triangle may be similar to 
another given triangle. 

Let (#' y') 9 (#" y"), (#'" y'") be the vertices of the first 
triangle and a, v the angles of the second triangle. 

Let a ft be the required co-ordinates of the centre of reci- 
procation, the reciprocating circle being (# — «) z + (y 

The sides of the polar triangle are respectively 
(*-“) (*'-«) + (y-p) (y'-/3)=r l ....(l)') 

(*-«) (*"-«) + (y-|8) (*" — £)=»*....( 2) y 

(x-a) (x'" - a) + (y - /?) (y"' - 0) = r». . . . (3) J 

We must have A, ft, and v for the angles between these three 
lineB. 


• CzBJiCLzB. 

± y/ { (*" - «)• + (y" - m </[ (X"' - a)* + 
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„ na (*'"-<») {*-*) + &"-& w-fi) 

± v/ { (*"' - af + ( y "' - Hf) */{(*'- af + fo' - /?)*} 

(*' - «) (*" - «) +Jy^_my" ~3 , 

±S{(x '- »)• + (2/' - £)*} ✓{(*" - -P ii£^8r ) ‘ 

The lines joining ( x ' y’), (x" y"), (x"' y'") with (« p) are 

x-a _ y~l 

x'-a y'~p ' 1 

<»> 

X -a y -p 

*Z1 UzA m 

x‘" — a y’"-p yh 


If A.' // v be the angles formed by the lines (4), (5) and (6) , 
we have 

... y _ (*" - f) V" -« ) + to" - 3 (JT - 3 _ 

+ v'f (x" - a)* + (!/" - 0)*} ✓ ((*'•'- a) 1 + (2/'" - jS>*} 
rnn /_ (x"'-a)(x'-a) + (y"'-p)(y'-P) 

„„ , (s'-") (x"-n) + (y'-P) (y"-p ) 

± */{ (s' - «)* + (y' - Pf I v/[(z" - a)* + (y" - Pf 
cos A' = +cos A \ 

COS /l/= + COS At > 

COS v'= + COS V ) 

i.e.y A' = A or 180°-^ 

//= /x or 180° — ju v 
v' = i/ or 1 80° — v J 


Now from the geometrical point of view, the three angles 
formed by three lines meeting at a p6int are either together 
equal to four right angles or are such that one of them is equal 
to the sum of the other two. 

Clearly there are four possible centres of reciprocation 
corresponding to the four sets of values of A', /, viz . — 


A' = 180°-A^ 
u' = 180°-,x Ml) 

V = 180°-v J 
A 7 = 1 80° ~ A^l 

/=/* m 


A' 

/ 

b 

t 

V 



( 3 ) 


\' = \ ^ 

H' = n H 4 ). 

v / =180° — v J 
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Let ABG be the given triangle ; let arcs BOG and BOV , 
GOA and CO"A> AOB and AO'"B be described on the sides 
BO, GA, AB containing angles equal to 180° — A, 180 5 — /*, and 
180° — v respectively, A, v being the angles of the other given 



triangle. Evidently, the arcs on BO , OA, AB will intersect 
each other at 0, which is one possible centre of reciprocation. 
The centres of reciprocation corresponding to the cases (2), (3) 



Fig. 8. 
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and (4) will be situated on the three arcs as represented in the 
diagram. We shall discuss these four cases in order. 

Case I. In this case the point must be inside the given 
triangle, for the sum of two angles can not be equal to the 
third. Hence, it is evident that this centre of reciprocation 
will be possible if 

180°-A>^, 180° -ft >5 and 180°-v>C (a) 

If these inequalities be not satisfied, there can be no required 
centre of reciprocation inside the triangle. 

Case II. The centre of reciprocation in this case must 
be on the arc BO'G , the jlGO'A being equal to ft and the 
AAO'B to 

I. 



if 


It is easy to see, that it will be possible to determine O' 


Fig. I. 

either b > B \ 0T 
and v > G » 


Fig, II. 


B > fi 

and G > v 


5 .... 03). 


Case III. In this case, the centre of reciprocation will be 
some point 0” on the arc CO" A, the angles CO"B and AO"B 
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being equal to X and v respectively, and it is easy to see in the 
same way that 0" will be a possible centre if 


Fig. I 

either v > O ) „ 
and X>4° 


Fig. II 

G > v 

and A > X 


— (y)- 


Case IV. In this case, the centre of reciprocation will be 
some point O'" on the aro AO^'B, the angles CO'" A and BO'"C 
being respectively equal to /a and A. 

It is easy to see that O'" will be a possible centre of reci- 
procation, if 

Fig. I Fig. II 


either A > A ) 
and ,l> B $ or 


A > A 
and B > fj. 


\ .. .• ( 3 ). 


II. 



It is easy to see that the conditions (#), (y) (8) can not 
hold good simultaneously, as A + ju + v ^A +22 + 0 = two right 
angles. Any one of these conditions (six in number) holding 
good, the others cannot be true. Thus, only one of the three 
centres O', 0", O'" is a possible centre of reciprocation, the 
other two being imaginary. The same proposition may be 
established in another way. The points O', 0", O'", 2?, C 
are concyclic, as also the two systems of points O', 0", O'", 
0, A and O', 0", O'", A, B . Therefore the points O', 0", O'", 
A, B , 0 are all concyclic, which is impossible since A, v are 
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not §qual to A, B, C respectively. The fallacy lies in the faot 
that two of the points O', 0" , O'" are imaginary, viz., the circu- 
lar points at infinity, and therefore the proposition converse to 
Prop. 21. Book III [Euclid] is not applicable. 

21. To determine the centre of reciprocation in order that 
the circular polar of a given quadrilateral may be a parallelo- 
gram. 

Let aq?/,, x. y, , x s y g , ,r + y t be the vertices of the given quadri- 
lateral. The sides of the reciprocal polar, the centre of recipro- 
cation being (a/3) are : — 

(*-«)(£», -a) + (y-/3)(y l -£)=r? (1) 

(x-a)(x z -a) + (y-0)(y -/J) = r 3 (2) 

(3 - a)(«3 - “) + (y - P) (2/3 ~ P) - * 5 (3) 

(x-a){x i -a) + (y-p){y i -^) = r^ (4) 

These lines must be parallel in pairs, and as we can choose two 
pairs of equations from the four in three ways, there are three 
possible centres of reciprocation given by 

Xr-a _y,- (3 

y%-P 
x?- a _ y?,-P 

®4“ a 2/4-Z 8 

! »l V\ ~P 
*3-“ y&-P 
y -P 
Vi~P 

•» _ y\—p 

*4-“ y*-P 

Zl-hz® 

x o~ a y&-P 

The three centres of reciprocation are the points of intersec- 
tions of the diagonals and opposite sides. 
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Hence, we can reciprocate a system of conics passing through 
four given points into a system inscribed in the same parallelo- 


gram. 

22. Let ax* -\-2hxy+hy 2 + 2gx + 2fy + c — Q~ </>($> y) (1) 

and a! x 2 + 2h'xy + Vy* -f 2</x + 2f'y + c' = 0 = y) ( 2 ) 

b'e two conics. 

Let (x — a/) 2 + (y — */') 2 = r 2 


be the reciprocating circle. The circular polars are respec- 
tively 

A'x* + 2H'xy + By - 2G'r*x - 2F'r 2 y + 0V- =0 (3) 

A"x* + 2H"xy + B''y 2 -2G"r*x-2F''r*y f C"r^Q (4) 


The circular polar of (1), i.e . (3), will be similar and similarly 
situated with respect to (2) 

if 

a! ~~V * 

i.e. if the centre of reciprocation be given by 

H{X, y) - {hx + by + f ) 2 {ax\hy + g)(hor + by 4 - /) - U(x , y) 

V 


a 
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fflgQg, y) y ) 2 

1/ 

i.e. if the centre of reciprocation be given by the 
equations : 

Gx»-2Gx + A Cxy—Fx—Qy + H Gy % - 2Fy + £ 
a' ~ h' b' 


/ <?\* AG-GF / G\f F\ GH-FG 

V G/ + G l 1“ c)\ y o) + (F 

or » a' h’ 

/ J\* BG - F % 

\*-o) + ~~ 

= -p ,=x (»y) 

Then, 

/ (7\* , JC'-G* 

(*-o) =A “ — <?- 

(» 

/ flw JF\ FG-GH 
V g)v g) h + CF 

= xh '+ h Sr ( 6 ) 

/ F\* BC-F z 

( y “o) =A6 — <t*~ 

= ^'-^ (7) 

Whence, 

or, A >'&' - A' 4 ) - X^(aa' + W + 2 hh') 


+ ^ i (ab-F l )=0 (8) 

Equation (8) determines A, and from (5) and (6) we get the 
oo-ordinates of the four possible centres of reciprocation. 

5 
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The two values of A as given by equation (8) will be real and 
distinct if 

(< ia ' + bb' + 2hKf >4 (ab- h 1 ) ( a'b ' - h n ) , 
i.e. if (act' — bb') % + 4(a'A + bh')(ah' + b'h) 

be positive. 

The circular polars of (3) and (4) will be similar and similarly 
situated if 

A' 

A" ~ H" ~ W' 


i.e. if the centre of reciprocation be determined by the 
equations : — 

Hjx, y)-(/h + 6y + /) a 
b'p'(x, y ) - {h'x + b’y + f f 

__ ( ctx + hy + g)'hx + by + f) —h^x , y) 

~ (a'x + h'y + q' )(h'x + b'y + /') — h'<p'(x, y) ’ 

apjx, y)-(ax + hy+ g ) i 
— a'<p'(x, y ) — (a’x + h'y + g') i * 

Gx 1 - 20x + A Cxy — Fx—Gfy + H 
or > c'x % - Wx + A' ~ Cxy - F'x - G'y + TP 


or, 


Gy‘ l -2Fy + B 


(say) 


% 

{C-yC')x*-2(G-i J .G')x + (A- fl A') = 0 
(C-ixC')xy-(F-vF')x-(G-v.G')y + (H -vH') = 0 
(G-yO')y^-2'F-yF')y + (B-yB’) = 0 


Whence, 

( G-uG'\ 1 ( G-yG'\ 1 A-yA' 
\ X ~G^G't -\C-hC') ~ C — yC'~ 

l 

~(C-yG'f ' 

{(G l -AC) + y(AC' + A'G-2GG') + f S(G n -A'C') } 


And 



G-yG' \/ F-yF'\ 
C-yC')\ y G-yC’) 


(9) 
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= TC -lc')* • { ( G ~ C W • ~ ^ ) - (0 - bC')(H - ') } 
= Jq~cf -i( GF ~ GH ) ~ ^ Qr + °' F ~ GH ' ~ G ' H ) 

+ ,C (G'F' -C'H')}.. 



F-v-F V 
C- h C') 


= (o~cf ‘t (F ~ lxFr ~ {B ~" B ' ){C ~ hC ' ] } • 


~ -P-cy { {ljn ~ BG) +^ BG '+ B ' G - 2FF ') 

+ M 2 (F' l -B'C')} 


( 10 ) 


(ID 


From (9), (10) and (11) we get for the determination of fi, the 
biquadratic equation 

{(AC- G 1 ) -^(AC' + A'C- 2 GG') + AA'C' - G " 1 ) } 
x { (BC - F*) - /x( BC ' - B'G - 2FF') + ,C(B'C' - F n ) } 

= { (GF - GH) -u(GF' + G'F - GH' - G'H) + ^(Q'F' - C'H') }* 
or, {6 a -ix(AG' + A'C-2GG') + ^. 6'a'} 
x [a a -fi(BC' + B'G - 2 FF') + M 2 . a' A '} 

= { h a - n(GF' + G'F - GH' - G'H) + fh.' a ' }*• 

or, n*(a'b' - 1C 1 ) a' 2 -^ 3 A '{a' (AG' + A'C - 2 GG') + b'(BG' + B'G 

- 2 FF') - 2h'(GF' + G'F - GH’ - C'H)} 

+ ,C{(ab' + a'b - 2hh') a . A ' + (AC' + A'C - 2GG')(BG' + B'G - 
2 FF ' ) - (GF' + G'F - GH' - G'H ) 2 } — M a [b(BG' + B’G - 2 FF') 

+ a(AC + A’G- 2 GG') - 2h(GF' + G'F - GH' - G'H ) } 

+ (a6— A 2 ) A 2 =0. . . .(12) 


Equation (12) gives the values of ju and from (9) and (10) we 
get the co-ordinates of the eight possible centres of reciproca- 
tion. 
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The circular polars (3) and (4) will be oonoentrio 


H'F' - B'G' H"F" - B"G" 
A'B’-H'* ~ A" B" —H" % 
H'O' - A'F' _ H"G" - A" F" 
A'B' H' 1 ~ A" B" -H" % 


i.e. 

i.e. 


if Cand tJ‘ 


if 

g" f" c" 


i.e., if the co-ordinates of the centre of reciprocation be 
determined by the equations 

ax + hy + g ^ hx + by + f gx + fy + c __ 
a'x + h'y + g ' “ h'x + b'y + /' “ g'x + fy + c' ~ V Say 


Whence, 

(a - a'v)x + (h~ h'v)y + {g- g'v \ =0 
(h - h'v)x + (b - b'v)y + (/ - f'v ) = 0 l 

{g-9'v)x + (t-fv )y + (c-c'v)= 0 J 


Eliminating a?, ?/ we get a cubic equation for the determination 

Of 4 ' 


cl — cl'v, h-h'v, g—g r v 

h-h'v, b-b'v, f-f'v 

g-g'v, f-f'v, c-c'v 



(13) 


Thus there are three possible centres of reciprocation in order 
that the circular polars of two given conics may be concentric. 

It is easy to see that the three values of v given by (13) are 
the values of v for which (p(x, y)— r<t>'(x, y) =0 breaks up into 
two right lines. 

The three centres of reciprocation are the points of intersec- 
tion of the diagonals and opposite sides of the common 
inscribed quadrilateral of the two given conics. The polars of 
each of these three points with respect to the two given conics 
are coincident right lines and therefore the corresponding 
circular polars are concentric. This is also evident from 
Art 21. 
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23. In this article, we shall establish by circular polars, 
properties of conics, and in so doing we shall simply state the 
corresponding reciprocal property in the circle. 

1. Any focal chord of a conic is divided harmonically by 
the curve, the focus and the directrix. 

The portion of a straight line intercepted between two 
parallel tangents to a circle at right angles to it is bisected by 
the line through the centre parallel to the tangents. 

2. If any chord QQ' of a conic intersects the directrix in 
D, SD bisects the exterior angle between SQ and SQ'. 

The line joining the centre to the point of intersection of 
two tangents makes equal angles with the two tangents, 

3 The angle at the focus subtended by a tangent inter- 
cepted by the directrix is a right angle. 

In the circle, the radius is perpendicular to the tangent. 

4. The subtangent at any point of a parabola is bisected at 
the vertex. 

Any straight line is divided harmonically by the point, the 
polar and the circumference of the circle. 

5. The tangents at the extremities of a focal chord of a 
parabola intersect at right angles on the directrix. 

The angle in a semicircle is a right angle. 

6. Two tangents subtend equal angles at the focus. 

The tangents make equal angles with the chord of contact 
in a circle. 

7. The exterior angle between two tangents is equal to the 
angle subtended at the focus of the parabola. 

The angle between the tangent and the chord is equal to the 
angle in the alternate segment. 

8. The circle circumscribing the triangle formed by any three 
tangents to a parabola passes through the focus. 

The parabola has for a tangent the line infinity. 

Or, the feet of the perpendiculars dropped from any point 
on the circumscribed circle of a triangle on the three sides are 
col linear. 

9. The lines joining the extremities of any two focal chords 
of a conic intersect on the directrix and the focal distances of 
their intersections are at right angles. 

The point of intersection of the diagonals of a parallelogram 
circumscribed about a circle is the centre of the circle and the 
diagonals intersect each other at right angles. 
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10. If two conics have a common focus their common chord 
or chords will pass through the point of concourse of their 
directrices. 

The point or points of intersection of common tangents to 
two circles will lie on the straight line joining the centres of 
the two circles. 

11. The vertex of a circumscribed triangle whose base 
subtends a constant angle at the focus lies on a conic having 
the same focus and directrix. 

The envelope of the base of a triangle inscribed in a circle 
having a given vertical angle is a circle. 

12. Given the focus and the directrix of a conic, shew that 
the polar of a given point with respect to it passes through a 
fixed point. 

The poles of a fixed straight line with respect to a series of 
concentric circles lie on another fixed right line. 

13. Conics having the same focus and directrix do not meet 
nor have common tangents. 

Concentric circles do not intersect and have no common 
tangent. 

14. Given four right lines passing through a point and a 
fixed point 0. The envelope of a line intersecting the given 
lines at A, B, C 9 D, in such a manner that ^AOB~ _ COD 
is a conic having the origin 0 for a focus. 

A, B , C , D are four given points in a straight line and P is a 
point such that Z APB — Z.CPD. The locus of P is a circle. 

24. The method of reciprocal polars may with advantage 
be used in solving some problems. We shall consider here the 
following problem : — 

To find the envelope of a line moving in such a manner that 
the product of its distances from two fixed points may be 
constant. 

Let us take one of the fixed points for origin and let the 
other be (u/3). 

Let x l + y 1 = r 1 be the auxiliary circle. 

If p x and p z be the two perpendicular distances and x'y' be 
the pole of the variable line in any position, we have 

1 " 

x' + y' -r l 

ax' + By' — P 

__ 

J x ' +y' 

But p, p, = b l 


( 1 ) 

(2) 


(3) 
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the circular polar of the. envelope is the circle 


^ + 2/* = p. («x + f3y-r r ). 


The envelope which is the circular polar of (4) must be a 
central conic having the fixed points for foci. 

25. In this article we shall establish some metrical proper- 
ties by the method of circular polars. 

Let x'y', x"y " be two points; their circular polars with 
respect to x l + y' l = r‘ l are xx' + yy r — xx" + yy" — r % respec- 
tively. 

If 8 be the distance between the two points, 0 the angle 
between the two lines, and p L and p z the perpendiculars on 
them from the origin, 

S»=(a'-^)* + (Sf'-3r) 4 (1) 


cos 0 — 


x x +y y 
- - - — 

\/(%' +y ' ) v/ {%" +y " ) 


and p { = 


v/ ,* a 

Y a: 4 y 


Whence, 


r 2 % 
x " + y" 


P? Pi 


(p,‘ 2 + p/-2pi p, cos 6) 


s/{P\ % + Pi~^P\Pi cos <?)• 


It is easy to see that the points A, B, Q, P are concyclic. 
The triangles OA B and 0 QP are similar and we have 


PQ _ OP OP • OA _ P 
AB~OB~OA ■ OB~ 0 A • OB 


or, PQ= AB. 

PiPs 


Also if PM and QN be dropped perpendiculars to the polars 
of Q and P respectively, 

pm = ^ ''»•-* os = jV+yYrA . 
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We have therefore 

PM ■ 0Q = QN • OP 
PM QN 
or ’ OP ~0Q ' 

Again if 8 be the distance between the two parallel lines 
xx' + yy'~r <l 'h 
\xx' + A yy' = r 1 y 

and 8' the distance between their poles {x'y')( Aa/, Af/')> 

t-t~ ( *-\) 1 
*/(*' +/ ) V , 

8' = (X — 1) /«/ + / 

— 7 

and therefore A 88' = * (A — 1)®. 
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As instances of theorems relating to metrical properties 
which oan be inferred one from the other by the method of 
circular polars, we state the following: — 

1. The locus of a point moving in such a manner that the 
product of its distances from two fixed lines is constant, is a 
hyperbola to which the fixed lines are asymptotes. 

The envelope of a variable line such that the product of its 
distances from two fixed points is proportional to the square of 
its distance from a third fixed point , is a conic section. 

2 The distance between two parallel tangents to two con- 
centric circles is constant. 

If two conics have the same focus S and directrix and a 
line SPQ be drawn cutting the conics at P and Q , 

PQ is proportional to SP. SQ . 

* 

3. If any number of chords of a circle be drawn through a 
given point within or without a circle, the rectangle contained 
by the segments of the chords are equal. 

The rectangle contained by the perpendiculars dropped from 
a focus of a central conic on parallel tangents to the conic is 
constant. 

4. In the ellipse, SP + S'P is constant. 

S is a point inside a circle centre 0 and a radius OL is drawn 
at right angles to OS. A point T is taken in OS produced 
such that 2 OT • OS = SL ■*. T' is the foot of the perpendicular 
dropped from S on any tangent to the circle, then 

ST' <* TT' + ST. (Vide figure 13.) 

5. In the hyperbola S'P — SP is constant. (Vide figure 14.) 

S is a point outside a circle, centre C. In OS a point T is 
taken, such that 2 ST • OS = the square on the tangent from S 
to the circle. T f is the foot of the perpendicular from S to any 
tangent to the circle, then 

ST' <x TT'~ST. 

6. In the central conic S'P±SP is constant. 

Given two fixed lines and a fixed point 0; the perpendi- 
culars OA and OB are drawn to the fixed lines and 
OP is drawn perpendicular to a third variable line so that 
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CHAPTER III. 

Circular Polars — Oblique Axes. 

1. The reciprocating circle is 

x 1 4 2 xy cos to + 2 / 2 = r 2 . 

If x'y' be a point on the circular polar of the general conic, 
x(x' -f y' cos o)) -i- y{y' 4 - x ' cos w) =r* 
must be a tangent to 

ax' 1 4 - 2 hxy 4- by % 4 - 2gx 4 - 2fy 4 - c = 0. 

The circular polar of the general conic is therefore 
A(x + y cos w) 2 ' + 2 H{x + y cos w)(y + x cos o>) 

4- B(y 4- x cos a)) 9, — 2Gr‘ l {x 4 - y cos oj) — 2 Fr % {y 4 x cos to) 

+ (7f 4 =0, 

or, (4 4- 2# cos a) 4 - cos z o))a; a 

4- 2(A cos o) 4 - # 4- H cos 2 o> 4 - B cos <o)xy 

4 - (B 4 - 2H cos a) 4 - A cos^y* - 2 (0 4 - S cos o>)r 2 :r 

- 2(S 4 - G cos wjrfy 4 - 67r 4 = 0. 

2. Transferring the origin to x'y' , the equation to the conic 
becomes 

ax 1 4- 2hxy 4- by 1 4- 2g'x 4- 2 f'y 4 c' — 0. 

The circular polar of the conic with respect to 

x 1 4 y 1 4 2xy cos w = r 1 referred to the new origin is 
(A' 4 2H' cos co 4J3' cos^a))^ 2, 

4 2( A' cos ( 04 F 4 F COS 2 w 4 S' COS to)#?/ 

4 ( B' 4 2H' cos (x) 4 A' cos 2 c o)?/ 2 
- 2(6?' 4 S' cos w)r 2 # - 2 (S' 4 6?' cos w)r 2 ?/ 4 67V 4 =0. 

This will represent a circle, if 

A' + 2H' cos w4j B' cos 2 w = R' 4 2H' cos w4u4' cos 2 w (1) 

and A' cos u4fl , 4fl r ' cos 2 oj 4 B' cos w 

=cos a )(A' 4 2H' cos w 4 S' cos 2 a>) 


( 2 ) 



From (1) A' = B' 

and (2) H' + B' cos <o = 0 
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i.e. 


or 




H' 

COS 0) 


2 2 

bc'-f —ac! — g f 


f'g'-c'h 

COS (x) 


2 2 

cos a )(bc' — f ) = cos a) (ac' — gr' ) — c'h — fg r . 


c'(ft — 6 cos to) = /'(gr' — /' cos co). 
and c\h~a cos u) = g\f — g' cos w). 

The circular polar is a circle only when the centre of recipro- 
cation is a focus. Hence, the equations determining the foci 
when the axes are oblique and inclined at an angle <o are : — 

(ax + hy + g)(hx + by + f—ax + by + g cos w) 

Jh — d COS (o 


_ (hx + by + f)(ax + hy + g — hx + by + / cos to) 
k — b cos w 

= a#* + 2hxy + by 1 + 2gw + 2/y + c. 

The first equation represents a pair of lines through the 
centre and must therefore represent the axes of the general 
eonic on which the foci are situated. The axes are therefore 
given by 


Sx 


lx 


cos 


\ dtps 8(/> sp \ 

wl -r*h r cos w 

/ fyVjg fy i 


h — a cos o> 


h — b cos u> 


3. The circular polar of the circle 

a(x % + y 1 + 2a;i/ cos <o) + 2gr# + 2fy + c = 0 

{( ac — f) + 2(fg — ca cos co) cos co + (ac — cos^co}# 2 
+ 2{(ac— /*)cos <o + (fg — ca cos co) + {fg-ca cos a>) cos*co 

+ {ac—g 1 ) cos c o}xy 

+ {(ac—jr 1 ) + 2(/gr-ca cos to) cos w-f -(ac — / z ) cos‘ 2 co}*/ 2 
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— 2{(a/ cos u)—ga ) + (ga cos w — af) cos < »}r % x 

— 2 {(ga cos o > — a/) -h (fa cos o > — ag) cos c o}r*y 

-Ha' 2 sin 2 oor* = 0 

or, (/* + <7* — 2f9 008 w m sin 2 w)(a; 2 + y % + 2 xy cos a)) 

= sin *<o(gx + fy + ar 2 ) 2 . 

If Pif be drawn pependicular to gz + fy + ar^^O from P, a 
point (& i/) on the locus, 


and therefore 


where 


_ sin 2 o> (gx + fy + ar 2 ) 2 
/ 2 + £ 2 - 2/gr cos o> 

OP 1 = e 2 . Pil / 2 

/ 2 + gr a — 2/g cos w 
/ 2 + g 2 — 2/(7 cos o) — ac sin 2 


Hence, the circular polar is a conic having the origin for 
focus and polar of the centre for directrix and the eccentricity 

__ the distance of the centre from the origin 
the radius of the circle 


4. The eccentricity of the general conic referred to oblique 
axes can be determined as in Art. 11, Chapter II. 

Transferring the origin to a focus ( x'y ') the equation becomes 

ax 1 + 2 hxy + by 1 + 2g'x + 2 fy + c' = 0. 

The circular polar of it, which is a circle, is 

( A' + 2H' cos w + 5' cos 2 w) x 1 + (P' + 2 H' cos a> + A' cosVjy 2 
+ 2{A' oos to + H' + H ' cos 2 a> + B r cos w)xy — 2(0 ' + F' cos w)r 2 # 
-2 (P' + G' cos w)r 2 y - h(7V=0. 

Therefore, if ebe the eccentricity of the general conic, 

* P' 2 + G'* + 2F'G' cos co 

* ~F' i + G'* + 2 F'G' cos a. - C'( A' + 2 H' cos <„ + B' cos^j 
or 

- 1 (ab-h i )Ufic'—f' i ) + 2 'fg' - c'h) cos «> + {ac' - g H ) cos l <» } . . 

“F " = {g'h-af)’ 1 + {hf — bg'f + 2(hg' -af 7 jW Z W)^. 1 ’ 
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where ^jr/ 00B< ->> = 

h—a, cos o) h — b cos w 

Let gr' = X/', . 

then from (2) 

/' 2 (\— A 2 C0S COS 0)) 

and /' 2 (A — cos w) —c'iji — b cos w) 

Whence 

A — A 2 cos a) h — a cos w 
A — cos o) li — b cos cj 


( 2 ) 


(3) 

(4) 


Making these substitutions in (2) we get 

e l — 1 (ah — h % ) (&\ — h) sin 2 o> 

e % ~~ (h — b cos <a»){ (/ t\ — a) 2 + (h — &A) 2 + 2(7&A — a)(h — 6A)cos <*>} 


where A is given by (4). 

It is also easy to see that the equation to the director-circle, 
the axes being oblique, is 

4 (a +b — 2h cos w) <f> ( x , y) 

/3f>V /3A 2 8f ^ 

■" W “ 2 s 3 • • oos “> 

the circular polar being an equilateral hyperbola in this case. 


CHAPTER IV. 

Parabolic Polars. 

Let y % ~kax be the auxiliary conic. 

If x f y f and x" y " be two points, their polars with respect to 
the parabola are : — 

yy' — 2a (z-f x')—Q ) 
and ijy" — 2a (x + x") = 0 S 

The points where these polars intersect the axis of x are 
( — x', 0) and (— x", 0). 
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The points where they intersect the axis of y are 
(°, if) and (O, if). 

Therefore the intercept on the axis of x made by the polars 
is equal to the difference of the abscissae of the two points. 

Again when the points are on the parabola, the intercept on 
the axis of y made by the tangents at the points is equal to 
one-half of the difference of the ordinates of the points. 

The vertex of the reciprocating parabola will be referred to 
as the origin of parabolic reciprocation. 

1. Let the parabola y l = 4a# be the auxiliary conic. 

We shall determine the parabolic polar of the general conic, 

ax 1 + 2 hxy + by 1 + 2 gx + 2fy -f c = 0. 

If x'y' be a point on the parabolic polar, 
yy' — 2a(x + x') = 0 

must be a tangent to the general conic and therefore 

4: Ad 2 + By 2 + iCa z a? 4 - 4 j Faxy + SGA 

— 4cHay = 0 is the parabolic polar. 

2. Transferring the origin to {x'y') the equation to the conic 
becomes 

ax 1 + 2 hxy + by 2 + 2 g'x + 2 f'y + c' — 0. 

The parabolic polar of this conic with respect to y 1 — 4a# =0, 
referred to the new origin, is 

4CW - 4F'axy + By + 86V# 

— iH'ay + L4V =0 (1) 

The discriminant of this equation 

= 16a \A'B'C' + 2 F'G'H' - A'F' % - B'G' 1 - C'H' % ) 

= 16a* A*. 

Similar inferences can be drawn as in Art. 5, Chap. II. 

3. The parabolic polar will be a circle, the origin of reciproca- 
tion being (x'y f ) and axes rectangular, 


if 4 C'a* = B' (1) 

and F'~0 (2) 
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From (2) F' = hg'-af' 

=h(ax' + hy’ + g) — a(hx' + by' + f) 

= 0 . 

or, (ab — h^y' =hg — af 

or, Cy = F. 

From (1) 4t(ab—h‘ l )a l = ac'—g n 

=» a(oa:'' 1 + 2hx'y' + by' 1 + 2 gx' + 2fy' + c) — ( ax' + hy' + g) % 

= (ab- h‘ l )y’ i - 2(hg - af)y' + (ac - g % ). 

The parabolic polar will be a circle if the origin of reciproca- 
tion be determined by the equations. 

Gy=F | 

and ±Ca* = Cy % -2Fy + B( ' ’ 

Eliminating y between these equations we get 
4C l a* = BC-F l 


or, 


or, 


4 (ab — It 1 ) 1 

\/ a . d 
2 (ab-h*) 


.(B) 


In order that the parabolic polar of the general conic may be a 
circle, we must have the parameter of the reciprocating parabola 

equal to at the same time, the origin of reciprocation 

ab — nr 

must be some point on the line OY ~F. 


4. The parabolic polar will be an ellipse, a parabola or an 
hyperbola, according as B'C' — F ,% is positive, zero or nega- 
tive, i.e. according as (a. a ) is positive, zero or negative. 

Now y — P will be a tangent to the general conic if 
C7j8*-2Fj8 + jB=:0. 


The two values of fi as given by this equation will be imagi- 
nary. equal or real and distinct, according as BC — F* is 
positive, zero or negative, i e. according as (a. a) is positive, 
zero or negative. 
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Hence, the parabolic polar will be an ellipse, a parabola or 
an hyperbola according as the tangents to the general conic 
parallel to the axis of the parabola are imaginary, coincident 
or real and distinct. 

5. The parabolic polar will be an equilateral hyperbola, if 

4C f V + fi' = 0 
or, 4C«* + Cy n - 2Fy' + B = 0. 

The parabolic polar will be an equilateral hyperbola, if the 
origin of reciprocation be anywhere on one of the two lines 
parallel to the axis of x and given by the equation 

Cy*~2Fy + 4Ca* + B=0 
F+y/(F 2 -BC-4C l a*) 

or> y = 


6. The parabolic polar of the circle 

ax - -i- ay 1 + 2gx + 2fy + c = 0, 
with respect to y l — 4ax = 0 , 

is 4a 2 a‘ l x' 1 -f 4a}axy + (ac — g l )y % 

— Sag^x — 4fgay + 4(ca — f l ) a 1 = 0 

This will be an hyperbola, a parabola or an ellipse according as 
4 aV {p + g* —ac) is positive, zero or negative, i.e. according as 
the given circle is a circle with a real and finite radius, a point 
circle or an imaginary circle. The parabolic polar of a real 
circle is an hyperbola as is otherwise evident from Art. 4. 

7. In order that the parabolic polar of the hyperbola 

X 1 t = } 

a*~b l 

may be a circle, we must have 



i.e. the parameter of the reciprocating parabola must be equal 
to the conjugate axis of the hyperbola. Also the ordinate y of 
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n 

the origin of reciprocation must be -=0, i.e. the origin of 

C 

reciprocation must lie on the axis of x , i.e. the transverse axis. 
8. If x'y' be a point on the parabolic polar of the hyperbola 


x % 

a 1 


b * 


= 1 , 


with respect to the parabola y l — 2xb=z0 } 
yy' — bx — bx' — 0 

is a tangent to the hyperbola and therefore ; from the condition 
of tangency, we get 

a 1 6Y* 

or, x'^ + y^ — a 1 , 

i.e. the parabolic polar is the auxiliary circle of the hyperbola, 
viz. the circle x l 4- y l — a l . 

From what has been established in this article, it is easy to 
see that the following pairs of propositions may be deduced 
one from the other by the method of parabolic polars , remem- 
bering that in the parabola the difference between the abscissae 
of two points is equal to the intercept on the axis of x — the 
axis of the parabola — by the polars of the points. 


Examples. 

1. The rectangle contained by the distances of any point on 
an hyperbola from the asymptotes, is of constant magnitude. 

The rectangle contained by the intercepts on two parallel 
tangents to a circle by a variable tangent to it, is constant. 

2. PQ is a chord of the circle (x — a) 2 + y l — (p passing 
through either of the two fixed points ( + \ / a*-a z ,0). 

PM and QN are perpendiculars drawn from P and Q to the 
axis of y. Then PM . QN — a 1 — a! 1 — constant. 

From any point in either of the two right lines x — ±\/ a 1 — a 1 , 
tangents are drawn to the hyperbola intersecting the axis of x 
at T and T ', the equation to the hyperbola being 

(s + a f y l _, 

<P b * 

OT. OT' — a^ — a* = constant. 


Then, 
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9. To determine the parabolic polar of — ^=1, with 

respect to y ei — 2bx = 0. 

Let x'y' be a point on the parabolic polar, then 
yy' — b(x + x')—0 

is a tangent to the hyperbola. 

hhj ' 1 a 1 

Therefore , 

The parabolic polar is therefore the rectangular hyperbola, 
y l — x L — a 1 . 

The following propositions may by inferred one from the 
other by the method of parabolic polars as established in this 
article. 

Example. 

If pP P'p' be a double ordinate of an hyperbola cutting the 
curve at P and P' and the asymptotes at p and p', then 

pP = p'P' 

and pP. pP' — constant. 

If the parallel tangents PT and PT' to a rectangular hyperbola 
intersect the conjugate axis at T and T ' and lines At and A't' 
be drawn through A and A' , the extremities of the transverse 
axis parallel to the tangents intersecting the conjugate axis at 
t and t', then 

tT — t'T' 

and tT. tT' = constant. 

10. To determine the parabolic polar of the ellipse 

x^ xjP 

—r 4 - ~ 1 , with respect to y % = 2 bx. 

a 1 b 1 


If x'y' be a point on the parabolic polar, 
yy' — b(x + x') — § 
is a tangent to the ellipse. 


Therefore, 


a 1 tfy ' 1 

«* + &v» =1. 


or, the parabolic polar is the rectangular hyperbola, 

x 1 — y 1 — a 1 
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The following propositions are parabolic polars with respect 
to one another : — 

In an equilateral hyperbola, the product of the distances of 
any point on the curve from the asymptotes is constant. 

In an ellipse, the rectangle contained by the intercepts on 
two fixed parallel tangents by a variable tangent is constant. 

11. To determine the parabolic polar of y 2 = iax with 
respect to y 1 — 2 ax. 

If x'y' be a point on the parabolic polar, 
yy' — a(x + x') = 0 

is a tangent to the parabola y 2 = kax, 
i.e. y' 2 ^ax\ 

Therefore, the parabolic polar is another parabola having the 
same axis and vertex. 


Illustration. 

Two fixed tangents to a parabola are cut proportionally by 
any variable tangent. 

If P, Q be two fixed points on a parabola, and R a third 
variable point on it, the portions of the axis intercepted by 
the line PQ and the tangents at P and Q , will be cut propor- 
tionally by the lines RP and RQ respectively. 

12. To determine the parabolic polar of the circle x l + y 2 = b % 
with respect to y l — 2bx. 

Let x'y' be a point on the parabolic polar, then 
yy' — b{x 4 - x') =0 
is a tangent to the parobola. 

Therefore y n + 6* — x ' 1 . 

The parabolic polar is therefore the equilateral hyperbola 

x 1 — y l = 6 2 . 

Example. 

In the equilateral hyperbola if pPP'p' be an ordinate inter- 
secting the asymptotes at p and p' and the curve at P and P', 

Pp^P'p' 

Pp . Pp —b 2 — constant. 


and 
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If two parallel tangents be drawn to a circle intersecting 
a diameter at T and T', and if also parallel lines be drawn 
through the extremities of the perpendicular diameter inter- 
secting the former at t and t', then 

Tt — T't' 

and Tt . Tt' ^ (radius) 2 . 

13. To determine the parabolic polar of x % + y 1 — a % 4 A with 
respect to y ci = 2bx. 

Let x'y' be a point on the parabolic polar, then 
yy' -b(x + x') — 0 
must be a tangent to the circle. 

Therefore 6V 2 = ( a 2 4 X) (y' 1 4 b' 1 ). 

The parabolic polar is therefore 

a 2 + x b l ~ 

Hence, the parabolic polar of a series of concentric circles is 
a series of concentric and co-axial hyperbolas having the same 
conjugate axis. 


Illustration. 

The points of contact of tangents drawn from a point to a 
series of concentric circles are situated on the circumference of 
a circle. 

If a series of hyperbolas be described having the same 
conjugate axis, the envelope of the tangents at the points of 
intersection with a straight line parallel to the conjugate axis 
is a hyperbola. 

14. To determine the parabolic polar of x* — y 1 = a' 2 + X with 
respect to y l — 2bx. 

Let x'y' be a point on the parabolic polar, then 

yy' — b(x + x') — 0 

is a tangent to the hyperbola. 

a 1 -4 A (a 1 4 A )y n 
~b % 


Therefore, 
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or, 


** \y n | 

o* + x + 6* 


Therefore, the parabolic polar is - - - •— ~ 




1 . 


Hence, the parabolic polar of a series of rectangular hyper- 
bolas having the same asymptotes but different transverse axes 
is a series of concentric and co-axial ellipses having the same 
minor axis. 


Illustration. 

The points of contact of tangents to a series of concentric 
and co-axial equilateral hyperbolas drawn from a point on the 
transverse axis lie on another rectangular hyperbola having 
parallel axes. 

The envelope of the tangents at the points of intersection of 
a series of ellipses having the same minor-axis with a line 
parallel to the common mi nor- axis is an ellipse having parallel 
axes. 

15. To determine the parabolic polar of 2xy = a' 1 , with 
respect to y 1 = 2 ax. 

If x'y f be a point on the parabolic polar yy' — a(x + x') =0 is 
a tangent to 2 xy — a 1 . 

Eliminating y, we get 

2x (x + x') — ay' = 0 

Therefore, 4a;' 2 + 4 . 2ay' = 0 

or, x' 1 + 2ay' — 0. 

The parabolic polar is therefore a parabola x 1 + 2a?/ = 0. 

Examples of Reciprocation. 

1. The lines joining a variable point on an hyperbola to 
two fixed points on it intercept a constant length on either 
asymptote. 

The oblique projection of the intercept of a variable tangent 
to a parabola between two fixed tangents on another fixed 
tangent is equal to the intercept of the fixed tangent, the 
projecting lines being drawn parallel to the diameter of the 
parabola. 

2. Any circle which touches both branches of a hyperbola 
makes an intercept equal to the transverse axis on either 
asymptote. 
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The intercept on any fixed tangent to a parabola by tangents 
to a hyperbola having double contact with the parabola (the 
points of contact being on the two arms of the parabola) and 
parallel to the axis of the parabola, is constant. 


CHAPTER V. 
Elliptic Polars. 

1. The auxiliary conic is the ellipse 

x l + y l-\ 

a* /? 

The elliptic polar of the general conic 

ax 1 + 2 hxy + by 1 + 2gx + 2 fy + c = 0 


is 


A % 0 H B , 0 

— x l + 2 -t— - j xy 4- — y l — 2 — x— 2 — y + C — Q. 

a* a l f3 l J p** a} (3** 


Transferring the origin to x'y ' , the equation to the conic 
becomes 

ax 1 + 2hxy 4- by 2 -f 2g'x + 2f'y -4 c! = 0 
and the elliptic polar of this conic with respect to 


ar y L 

referred to the new origin, is 


= 1 , 


A! r H' 
J X+2 W 


B ' .»-2 G ' 


m x y + »*y l -*~ x -2rty + c '=°- 


p* 


r 

P li 


The discriminant of this equation = 


a*f3* 


It vanishes when the original conic is a pair of right lines, 
the elliptic polar being then a pair of coincident right lines. 

The elliptic polar will be an ellipse, a parabola or an hyper- 
bola according as the tangents drawn from the centre arj 
imaginary, coincident or real and distinct. / 

The elliptic polar will be a circle, if the centre of recinp&uj* 
tion be determined by the equations * 
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a* (ax + hy + g) 2 — fi*(hx 4 - by + f) 1 
a — fi*b 

= (ax + hy + g)(hx + by + f)/h 

= ax 1 4 - 2 hxy + by 1 + 2 gx + 2 fy + c. 

It is evident that the axes of the elliptic polar will be 
parallel to the co-ordinate axes, if the centre of reciprocation 
be anywhere on the rectangular hyperbola, 


Cxy -Fx-Gy + H- 0. 


This condition remains true for circular and hyperbolic 
polars. 

The elliptic polar will be an equilateral hyperbola, if the 
centre of reciprocation be anywhere on the ellipse, 

(b a \ 

W + p* )( ax * + 2hxy + by% + 2gx + 2 / ?/ + ^ 

(ax + hy + g)" 1 (hx + by + ff 1 

0* + a* 


2. The auxiliary ellipse referred to the conjugate diameter 
is x 2 + y 2 = r 2 , the axes being oblique and the included angle 
o) being equal to the angle between the equi-conjugate diame- 
ters. 

The elliptic polar of the general conic will, in this case, be 
Ax 2 + 2 Hxy 4 - By 2 — 2 Gr 2 x — Fr 2 y + Or 4 = 0 . 

If x'y ' be the centre of reciprocation, the elliptic polar will 
be 

A x 2 4 - 2 H'xy 4 - B'y 2 - 2 G'r 2 x - 2 F'rhy + CV = 0 . 

This will represent a circle, if 

A' = B' i 
and = iT A' cos coj 


i.e. if the centre of reciprocation be given by 

•) 


$<p 

+ cos 0) 


A — b cos co 
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$<p/8<p $<p \ 

_ 8sVfy + 8s CQ8 / 
h + a cos oi 

= y)- 

The elliptic polar will be an equilateral hyperbola, if 
A' + B'-2 H' cos oi = 0, 

i.e. if the centre of reciprocation be on the conic, 

4 (a + b + 2h cos w) <p (x f y) 


: (r)" + (?)’ 

\8?// 


S4> S<f> 

+ 2 S ' 8j, “• "• 


3. To determine the elliptic polar of — — — = 1 , with 

mcr 


respect to 


z +» = i. 

a 1 6 2 


Let be a point on the elliptic polar ; then — + = 1 is 

a tangent to the ellipse. 

Therefore ma 1 ( =1, 

i.e. the elliptic polar is 

m m 

a conic similar and similarly situated with the given conics. 


CHAPTER VI. 
Hyperbolic Polars. 
1. The auxiliary conic is the hyperbola 

a* 0* 
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The hyperbolic polar, the origin being x'y' , is 




The hyperbolic polar will represent an ellipse, a parobola or 
an hyperbola, according as the tangents from the centre of 
reciprocation to the original conic are imaginary, coincident or 
real and distinct.* 

The hyperbolic polar will be a circle if the centre of recipro- 
cation be determined by the equations 


a*(ax + hy + g) 1 — fi*(hx 4 by 4 / Y 
a 4 a — / 3 4 b 

— (ax + hy 4 g)(hx 4 by 4 f)/h 


= ax 1 + 2hxy 4 by 1 4 2 gx 4 2 fy 4 c. 

The hyperbolic polar will be an equilateral hyperbola if the 
centre of reciprocation be situated anywhere on the conic, 

(jp + ( axL + 2flx y + w + 2 v x + 2 fy + c ) 

_ (ax 4 hy 4 gY (hx + by + f) % 

= p* + «+ 

2. When the auxiliary conic is an equilateral hyperbola 
x % — y 1 = r 1 , the hyperbolic polar of the general conic is 

Ax 1 — 2 Hxy 4 By 1 — 2 Qr % x 4 2 Fr 2 y 4 Cr 4 = 0 

If x'y' be taken as the origin, the hyperbolic polar, with 
respect to x^ — y^^r 1 referred to the new origin, will be 

A'x % - 2 H'xy 4 BY - 2£'r*x 4 2 F'rhy 4 C'r 4 = 0 

In this case the hyperbolic polar will be a circle, if the centre 
of reciprocation be given by 

(ax 4 hy 4 gY — (hx 4 by 4 fY 

a — b 

— (ax 4 hy 4 g)(hx 4 by 4 f)jh 
= ax % 2 hxy 4 hy % 4 2 gx 4 2fy 4 c. 
i.e. if the centre of reciprocation be one of the foci. 
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The hyperbolic polar will be an equilateral hyperbola, if the 
centre of reciprocation be anywhere on the director circle, 

G(x l + y l )-2Gx-Fy + A +B = 0. 

The rectangular hyperbolic polar of the circle 
a(x l + y 2 ) + 2 gx + 2 fy + r = 0, 

(gx — fy + arY 


is the conic 


x l + y l — 


g % + f - ac 

of which the origin is a focus and eccentricity 


g l + f - ac ' 


3. When the auxiliary conic is the hyperbola 2 xy — r % , 
referred to the asymptotes, the hyperbolic polar of the general 
conic is 

Ay 1 + 2 Hxy 4- Bx 1 — 2 Gr^y — 2Fr l x + Or 4 = 0. 

When x'y' is the origin and 2 xy = r l is the reciprocating 
conic referred to that origin, the hyperbolic polar is 


AY + 2 H'xy + B'x 2 - G'Fy - 2F'r*x + C'r* = 0. 


The hyperbolic polar will be a circle, if the centre of reciproca- 
tion is given by the equations 

8<p / $<p 8<p \ 

Sx\ly + h ; COaw ) 


h + a cos to 
8<p /8<p 8<p 

t l r" + T cos w 
8y V $x 8y 


h + b cos w 

= ^(«, y ), 

where 4 <o ’ is the angle between the asymptotes. 

The hyperbolic polar will be an equilateral hyperbola, if 

/HY /W 

\S*/ + \8«// 

= 4 (a + b + 2h cos w) <p (x, y ). 


^ _ 8'P 8<p 

+ 2 — . r cos a) 
8x 8y 
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CHAPTER VIII. 


Theorems relating to Areas. 


1. The sides of the polar triangle with respect to 
x % + y % —r % of the triangle of which the vertices are (x'y ' ) , 
(x"y") , (x'"y'") are respectively 

xx' + yy' — r 2 — i) 

xx" + yy" — r 1 — 0 

xx'" -f yy" r -r 1 — 0 


If a and a' denote the areas of the original and the polar 
triangle respectively, 



and 


r* 

A 

y\ l 
y", l 
y'", i 


1 y f 1 

1 x", y" 1 

! y'" 1 

\ X . It 

U y' 1 


(x'y" - x"y')(x"y"' - x'"y") (x"'y' ~ x'y'") 


2 r*A* 

(OA . OB . OOf sin BOO. sin CO A. sin AOB . ' 


Observation 1. 


If a triangle ABO be inscribed in the reciprocating circle, 
the polar triangle A'B'O' will be circumscribed about it, and we 
have 


in this case 


2r*A* 

r 8 sin AOB sin BOO sin 00 A 


2a^ 

r 1 sin 2^1 sin 2 B sin 20 
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The area of the self- conjugate triangle ABC with respect to 
x % + y % =zr % is 

(OA . OB . 0C) % sin BOG . sin CO A . sin AOB 
2 r* 


Observation 3. 

If the reciprocating circle be the incircle of the triangle ABC , 
the polar triangle will be the corresponding inscribed triangle 
A'B'C'. 


A 
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In this case, 
A' = 


2 r 4 A ? 


( OA . OB . 0(7)* . sin BOC . sin CO A . sin AOB 
2a*. sin* . sin* . sin* ~ 


% A B C 

r L cos - . cos — . cos — 

2 2 2 


Observation 4. 

If the reciprocating circle be one of the escribed circles, the 
triangle will be one inscribed in the escribed circle, 

A 



In this case, 


2 rj a * 

(OA . OB . 00)* . sin BOC . sin CO A . sin AOB 

2r a 4 A * 



ins Q 
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Similarly, 

A 'b 


and 4 '< 


2 a* . sin* ~ 
z 

. B 

• cos* — 
z 

. 0 
• cos 4 •*— 

2 

a A 

r a . cos — 

. B 
• sin — 
2 

. c 

• sm T 

2 a*. sin* • 

Z 

a 0 

cos 4 — • 
z 

, A 

008 V 

~ » B 

r&* . cos — • 

. c 

sin -g- • 

. ^ 
sin 2 - 

2 a 2 . sin* — 
z 

* A 

■ 003 V 

* -B 

• cos*-— 
z 

= , 0 
z 

. A 
sm— ■ 

. B 
sm- 


2. The sides of the polar triangle with respect to 
iX %± ft 1 ’ 

a central conic, are respectively 

xx ' , W' i 

<1 — 0 % — ^ 
a p 

xx'yy"_, 

a* ± (i l ~ 

xx"' yy’" 

a* ± p ~ 

If a and a ' denote the areas of the original and the polar 
triangle, (ABC and A'B'C') 

9 A , _ «V(2a)‘ 

a ~(OA.OB . 0C)\ sin BOG . sin CO A . sin AOB 

2a*/3* A * 

or A ~(0A .OB . OCf. sin BOC . sin COA . sin AOB' 

The area of the self-conjugate triangle ABC 

(OA . OB . OCf sin BOC . sin COA . sin AOB 

2a */3* 


Obs. 
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3. To determine the area of the polar triangle with respect 
to the parabola y il = 4ax of a given triangle. 

Let (; x'y '), (x"y"), (x , ' , y fn ) be the vertices of the given 
triangle. The sides of the polar triangle are 

2a(x + x' ) — yy' = 0 } 

2a(x + x" )—yy" =0 ( 

2 a(x + x"’) -~yy"'—0 j 

If A and A ' denote the areas of the original and the polar 
triangle. 



2a,— y', 2ax' 

2 a,-y", 2ax” 

2 a,-y"', 2 ax'" 

2 

V 

1 i 
cT © 

(M 


2a, -y" 

2a ,-y'" 


2a,- y"' | 
2a, -y' 



1 

» y 


! 


16a 4 

I 

, y"> 

x" 




1 

, y"', 

x'" 



l ’ y ' 


i ,y" j 

1, 

2 r | 

! hy" 


[ 1.2/' 

-\ 

1, 

2 / 


2a . (2 

“ -y') 

, 4a a * 

Ohs. The area of the self-conjugate triangle is 

4 a 

a function of the differences of the ordinates of the vertices of 
the triangle. 

4. To determine the area of the polar triangle with respect 
to x^ — yi' — r 1 , of a given triangle. 

If (, x'y ' ), (a v"y"), [x n, y ,n ) be the vertices of the original 
triangle, the sides of the polar triangle are 

xx ' -yy' -r*=0} 
xx " — yy" — r* = 0 l 
xx"'-yy"'-r *= 0 ) 
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(OA . OB . (XT)* . sin J5(X7 . sin CO A . sin .40£ 

Cor. The area of the self-conjugate triangle with respect to 
an equilateral hyperbola 

__ (OA . OB . OCf . sin BOO . sin 00 A . sin AOB 
2 r* 

5. To determine the area of the reciprocal polar conic of the 
circle a(x % + y 2 ) + 2gx + 2fy -f c = 0, with respect to 

«* V 

The reciprocal is, 

r,r ~/ Z ^ , o fg xv + ac ~9\i + 2 agr \+‘> °^! w + ^-0 

a* * +Z ■ a?(? X1J+ V +Z ' ^?T X * Z - p V + a ~ U 


The area of this conic 


(a'b' — h /% ) l 


where 


■> f-»)* 

a*/3* 


The area of the elliptic polar 


l« 3 ca "Sr *“/*l I 

^ »*• a* ( 

= 7rjRa 4 /i* (-^ 


where JR is the radius of the circle. 


The area of the hyperbolic polar with respect to 
X 1 y 1 _ 

a* y8* ’ 
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The area of the circular or rectangular hyperbolic polar with 
respect to x l ±y l — f l 


Assuming ‘a’ to be positive ‘ c ’ must be negative, i.e. the 
origin of reciprocation must lie inside the circle in order that 
the expressions for the areas may be real. This is also evident 
from the geometrical point of view. For when the origin is 
outside the circle the reciprocal polar is an hyperbola. It is 
easy to see that the corresponding geometrical interpretation 
of the expression for the area is that the modulus of the 
imaginary expression is the expression for the area included by 
the reciprocal hyperbola and its conjugate. For it can easily 
be established by the principles of the Integral Calculus that 
the area included by the hyperbola 

a*' 6* ’ 


and its conjugate 


V 1 

6 2 


x i ■ 

— = 1 is t rob. 
a 1 


Again, the locus of the centres of reciprocation with respect 
to which the areas of the polar conics of the given circle is 
constant, is in each case a concentric circle. 
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